Abstract. We present a characterization of continuous surjections, between compact metric spaces, admitting a regular averaging operator. Among its consequences, concrete continuous surjections from the Cantor set C to [0, 1] admitting regular averaging operators are exhibited. Moreover we show that the set of this type of continuous surjections from C to [0, 1] is dense in the supremum norm in the set of all continuous surjections. The nonmetrizable case is also investigated. As a consequence, we obtain a new characterization of Eberlein compact sets.
Introduction.
One of the most important results in the isomorphic theory of Banach spaces, due to A. Milyutin, asserts that if K 1 , K 2 are uncountable compact metric spaces then the spaces C(K 1 ), C(K 2 ) are isomorphic. This result became widely known through A. Pełczyński's monograph [16] and the proof presented by Pełczyński requires the following steps:
Denoting by C the Cantor set {0, 1}
N it is enough to show that every C(K) with K an uncountable compact metric space is isomorphic to C(C). Pełczyński's decomposition method (see for example [12 2000 Mathematics Subject Classification: Primary 46E15, 54C55; Secondary 28B20.
[207]
Milyutin's Lemma is the assertion that there exists a continuous surjection φ : C → [0, 1] that admits a regular averaging operator. From this, it was deduced that for every compact metric K, there exists φ : C → K continuous onto which also admits a regular averaging operator. Hence it was concluded that for every compact metric K, C(K) can be embedded in C(C) as a complemented subspace.
The second complementation follows from Michael's Selection Theorem (see [14] ) that asserts that every embedding φ : L → K with L compact metric and K compact admits a regular extension operator.
For general, not necessarily metrizable compact spaces, we recall the following results:
The first, due to A. Pełczyński [16] , asserts that if φ γ : L γ → K γ , γ ∈ Γ , admits a regular averaging (extension) operator, then the same remains valid for the function Φ = φ γ :
S. Ditor [4] has shown that for every compact K there exists a totally disconnected compact L with topological weight equal to that of K and a continuous surjection φ : L → K which admits a regular averaging operator. (Here, by the term topological weight, we mean the least cardinal such that there exists a base of K of that cardinality.)
As we show in this paper, Ditor's Theorem is a direct consequence of the theorem of Pe lczyński mentioned above. In spite of this, Ditor's proof contains ideas important to us for proving our results.
In what follows, a totally disconnected space L will be called a Ditor space for a compact space K if the topological weight of L equals that of K, and moreover there exists a continuous surjection φ : L → K that admits a regular averaging operator. Ditor's Theorem implies that for any compact K, there exists at least one Ditor space for K.
The third result, due to R. Haydon [9] , concerns regular extension operators, and characterizes those compact spaces L such that every embedding of L in another compact space K admits a regular extension operator.
It is worthwhile to mention here that the question whether or not for an arbitrary compact K, there exists a totally disconnected compact L such that
, remains open. A discussion concerning this problem is included in the last part of the present paper.
Additional information for the compact case is contained in [5] , [9] , [10] and [6] .
Related results for non-compact topological spaces can be found in [7] , [18] and [20] . The interested reader can also consult the survey paper [17] .
Returning to the metrizable case, we point out that the complemented embedding of C(K) into C(C) through a regular averaging operator is in part topological, in the sense that the embedding φ • : C(K) → C(C) results from the continuous surjection φ : C → K, and in part functional-analytic.
We mention that Y. Benyamini [3] has a proof of this result using exclusively techniques from Banach space theory.
The third section of the present paper is mainly devoted to a systematic study of continuous surjections between compact metric spaces which admit regular averaging operators.
The first result we should mention is a topological characterization of continuous surjections between compact metric spaces, admitting regular averaging operators. This characterization is as follows: 
Condition (2) in the above characterization is useful to establish that some φ does admit a regular averaging operator, while condition (3) is used to show that φ does not admit such an operator.
The proof of the above theorem is based on a selection theorem for multivalued maps (Theorem 10) proved in this paper. This selection theorem, probably of independent interest, follows from Lemma 8, the proof of which is inspired by Ditor's ideas in proving his theorem mentioned above.
With Theorem 2 we give an answer to a problem posed by Pełczyński [16] . A different characterization was also obtained by Ditor [5] .
Theorem 2 implies that for every 1/2 < r < 1 the surjection φ r :
admits a regular averaging operator and also that for r = 1/2 this is no longer valid.
These functions will be used in the next section to give a precise description of Ditor spaces for certain compact spaces.
A second result included in this section concerns a question posed to us by A. Pełczyński and states the following: As the referee pointed out to us, the above set is residual. This is a consequence of certain general results in Dimension Theory and a more detailed discussion is presented in Remark 16.
In the last part of this paper, we start with a short description of the proof of Pełczyński Finally, for the unit ball B p of p (Γ ) (1 ≤ p < ∞) endowed with the pointwise topology, we give a concrete description of a Ditor space which in the case p = 1 takes the form
where (r n ) n are fixed positive numbers summing up to 1. Clearly L is embeddable in B 1 .
Notation and definitions.
Let L, K be Hausdorff compact spaces and φ : L → K a continuous map. We denote by φ
It is well known that φ • is a bounded linear operator and moreover if φ is onto then φ • is an isometric embedding; if φ is one-to-one then φ • is onto.
A bounded operator u :
We say that φ admits a regular averaging operator if there exists a regular operator u : C(L) → C(K) such that uφ • = id C(K) (where id X denotes the identity map on X). Also φ admits a regular extension operator if there exists a regular operator u :
We say that φ admits a choice function if φ is onto and there exists a continuous map s :
We denote by M(K) the regular measures on K. It is well known by Riesz's Representation Theorem that M(K) can be identified with C(K) * , the dual of C(K). Also, P(K) denotes the regular probability measures on K. Unless otherwise stated P(K) will be endowed with the weak-* topology.
We denote by δ k the Dirac measure at k ∈ K, and φ * stands for the
3. The metrizable case. Let us begin with some observations regarding the function φ * introduced in the previous section. Recall that for a continuous map φ : L → K we have denoted by φ * : P(L) → P(K) the induced affine map. Actually φ * could also be defined as φ * (p)(A) = p(φ −1 (A)), for every p ∈ P(L) and A ⊂ K a Borel measurable set. Hence we easily see that if p ∈ P(L), then supp φ * (p) ⊂ φ(supp p). These observations lead to the proof of the next lemma which will be repeatedly used.
In the next proposition we give some useful equivalent statements for regular averaging and regular extension operators which are well known (see [9] ). For completeness we indicate briefly how we can obtain them. 
(2) Assume that φ is one-to-one. Then the following are equivalent:
Proof.
(1) Lemma 5 shows that condition (1)(c) is equivalent to (1)(d).
(1)(a)⇒(1)(b). Let u be a regular averaging operator for φ.
and therefore u * (p) is a probability measure.
(1)(b)⇒(1)(c). Let s be a choice function for φ * . For j : K k → δ k ∈ P(K), it is easy to see that v = sj is the required map.
(
It is easy to see that u(f ) is indeed a continuous function on K and that u is a bounded linear operator such that u(f ) ≥ 0 whenever
(2) (2)(a)⇒(2)(b). Let u be a regular extension operator for φ. Then
Next we recall the definition of a tree and some relevant notation. A tree of height ω is a set partially ordered by a relation ≺ such that for every t ∈ T, the set {s ∈ T : s ≺ t} is linearly ordered and finite.
If t ∈ T, then the set of immediate successors of t will be denoted by S t . We say that T is finitely branching if S t is finite for every t ∈ T . We denote by B(T ) the set of branches of T, namely of all maximal linearly ordered subsets of T ; B(T ) is naturally topologized by the sets V t = {b ∈ B(T ) : t ∈ b}.
It can be easily shown that T is finitely branching if and only if B(T ) is compact. In what follows we assume that every T considered has a unique minimal element, denoted by r(T ).
Finally for t ∈ T , we denote by |t| the cardinality of the set {s ∈ T : s ≺ t and s = t} and for b ∈ B(T ) (respectively t ∈ T ) we denote by b|n (resp. t|n) the unique s ∈ b (resp. s ≺ t) such that |s| = n.
The following lemma is well known:
Assume that T is a finitely branching tree of height ω and to every t ∈ T there corresponds a non-negative number λ t such that:
Then there exists a unique regular Borel probability measure p on B(T ) such that for every t ∈ T, p(V t ) = λ t (where as above V t = {b ∈ B(T ) : t ∈ b}).
For a subset F of a topological space X, we denote by int(F ) the interior of
Also, for a map f defined on a topological space K, we denote by supp(f ) the closure in K of the set {k ∈ K : f (k) = 0}.
Lemma 8. Let T be as in Lemma 7 and K a normal topological space. Assume that to each t ∈ T an open subset U t of K has been assigned , such that
Proof. We define, inductively on |t|, a closed subset F t of U t such that for any t ∈ T ,
We set F r(T ) = U r(T ) = K. Assuming that F t has been defined for any t in the nth level of T , observe that {U s ∩F t : s ∈ S t } is a relatively open covering of F t . Since F t is itself a normal space, we can find a closed
Since S t is a finite set and F t is normal, there exists a partition of unity {f s : s ∈ S t } defined on F t and subordinate to the covering {int F t (F s ) : s ∈ S t }. Every f s is a continuous function on F t and we extend it to K (not necessarily continuously) by setting it constantly zero outside F t . We shall denote this extension also by f s . Also, for k ∈ K and t ∈ T we set
So, for a fixed t ∈ T a real-valued map K k → λ t (k) is defined. We assert that for t ∈ T , the function λ t is continuous on K. To see this, we prove inductively on |t| that supp(λ t ) ⊂ int K (F t ). This immediately implies the continuity of λ t , since K = (K \ supp(λ t )) ∪ int K (F t ) and λ t is by definition continuous on both open sets.
The assertion is clear for |t| ≤ 1 by the definition of f t . The inductive step goes as follows:
and thus
Observe also that for each k ∈ K and t ∈ T , {λ s (k) :
Its existence is assured by Lemma 7. Moreover this map is continuous. This follows from the continuity of the maps k → λ t (k), since the set {χ V t : t ∈ T } of characteristic functions spans a dense subset of C(B(T )) and
Next, fixing n ∈ N and k ∈ K, we set
.} is a decreasing sequence of open subsets of B(T ) and
and this concludes the proof. (1) There exists a continuous map p :
(We recall that V t denotes the set {b ∈ B(T ) : t ∈ b}.)
Proof. For the implication (2)⇒(1), the previous lemma ensures the existence of a continuous p : supported by B(T (k) ). In this case
is also supported by Φ(k) and this proves (1) .
For the converse implication, let p be as in (1) and set
Since p is continuous, G t is an open subset of K, and clearly G r(T ) = K.
We shall make use of the previous theorem to prove the more general: 
Since p is continuous, G U is open and (a) and (c) follow immediately.
To
The implication (3)⇒(2) is trivial.
(2)⇒(1). We inductively define a tree T of elements of U as follows: We set r(T ) = L. Assuming that the nth level T n of T has been defined, for
Then U 1 , . . . , U k are exactly the immediate successors of U .
It is a direct consequence of the definition and the compactness of L that for any b ∈ B(T ) the set lim{U : U ∈ b} in the Hausdorff metric is a singleton. We define a map φ :
It can be easily checked that φ is continuous and onto.
Next we define Ψ :
Clearly, Ψ is a set-valued map and for every k ∈ K, Ψ (k) is closed.
Also, for U ∈ T , we set
(where ≺ is the partial order of the tree T ). Setting also V U = {b ∈ B(T ) : U ∈ b}, we observe that condition (2) of the inductive definition of the tree implies that φ(V U ) ⊃ U . Next we check that the family {R U : U ∈ T } satisfies the conditions of the previous theorem. First we have
Since G U ⊂ Φ −1 (U ), by our hypothesis, it follows that also R U ⊂ Ψ −1 (V U ). Moreover if U 1 , . . . , U n are the immediate successors of U , then by the definition of the tree
G U i and thus
Thus the previous theorem can be applied to give a continuous map p : K → (P(B(T )), w * ) such that p (k) is supported by Ψ (k). By Lemma 5,
and hence φ * p (k) is a probability measure supported by Φ(k) as required. Thus p = φ * p is the appropriate map.
From the above theorem, we obtain the characterization of continuous surjections admitting regular averaging operators, mentioned in the introduction: 
Proof of Theorem 2. For k ∈ K we set Φ(k) = φ −1 (k). In this case Φ −1 (U ) = φ(U ). Thus the existence of a continuous map
p : K → (P(L), w * ) such that p(k) is supported by Φ(k) = φ −1 (k) isφ(V t ) = |t| i=1 r i t(i), |t| i=1 r i t(i) + ∞ i=|t|+1 r i = |t| i=1 r i t(i), |t| i=1 r i t(i) + r |t| .
Thus denoting by t i the element of D extending t by i, we have
Thus setting
we see that G t = G t 0 ∪ G t 1 , since (1 − r)r |t| < r |t|+1 . Hence it follows easily from Theorem 2 that φ admits a regular averaging operator.
Remark 12. For later use, observe that the map φ :
where r n = (1 − r)r n−1 , admits a regular averaging operator. This can be proved in a similar manner to the proof of the above theorem. (1) . Hence by Theorem 2, condition (3), we conclude that φ does not admit a regular averaging operator.
The next theorem is well known and it follows from Michael's Selection Theorem (see [14] ). It is used to verify that every homeomorphic embedding of a compact metric space admits a regular extension operator. A unified approach to regular averaging and regular extension operators for general paracompact spaces is presented in [2] .
Theorem 14. Assume that K is a Hausdorff compact space and M ⊂ K a closed metrizable subset. Then P(M ) is a retract of P(K).
We conclude this section by proving Theorem 3. 
The rough idea of the proof is to find a partition of C into clopen non-empty sets V i such that φ(V i ) ⊂ I i . Since then each V i is homeomorphic to C and each I i is homeomorphic to [0, 1], there exists a continuous onto map ψ i : V i → I i which admits a regular averaging operator. We can define ψ :
and moreover that each ψ i admits a regular averaging operator, we can prove that ψ also admits a regular averaging operator. Furthermore, applying the fact that diam(I i ) < ε, we prove that
Here is how we accomplish these steps: For notational convenience, set U i = int [0, 1] (I i ). We will define by induction on i 0 clopen subsets V i , i ≤ i 0 , of C such that V i are pairwise disjoint, and moreover
To start with, notice that i φ −1 (U i ) covers C since φ is onto, so that C \ n i=2 φ −1 (U i ) is a closed subset of φ −1 (U 1 ). By standard arguments we can find a clopen V 1 such that
Notice that V 1 is non-empty since it contains at least φ −1
For the induction step, since
Thus there exists a clopen V i 0 such that
and clearly in this case
For each i, fix some continuous ψ i : V i → I i which admits a regular averaging operator and define L to be the disjoint union of I i 's, Proof. We inductively prove that for every subinterval I of [0, 1] and n ∈ N, there exists a subinterval I of I and pairwise disjoint clopen subsets
The proof of the inductive step makes use of the characterization obtained in Theorem 2.
The above assertion implies that the set
contains a dense open set, which immediately yields the desired result. This result in conjunction with the above corollary implies that the set RA is residual.
We thank the referee for bringing this result to our attention.
Consequences for some classes of compacta.
The next theorem is due to A. Pełczyński and shows how averaging operators and extension operators extend to Cartesian products (see [16] ).
families of Hausdorff compact topological spaces and for each
(1) If each φ i is onto and admits a regular averaging operator , then also φ is onto and admits a regular averaging operator.
(2) If each φ i is one-to-one and admits a regular extension operator , then also φ is one-to-one and admits a regular extension operator.
Proof. (1) Clearly φ is onto. Let u i be a regular averaging operator for
i∈I be a convergent net and let π i be the projection of L = i∈I L i onto the ith coordinate. Then from the Stone-Weierstrass Theorem it suffices to show
Hence v(k) is supported by the set φ −1 (k) and according to the same lemma φ * v(k) = δ k . Now by Proposition 6, the proof is complete.
(2) Obviously φ is one-to-one in this case. Let u i be a regular extension operator for φ i and define We are now able to derive a proof of the next theorem which is due to S. Ditor [4] . Recall that for a topological space K, the topological weight of K is defined to be the smallest cardinal m such that K has a base of cardinality m. 
By Proposition 18, φ admits a regular averaging operator, so it suffices to prove that L is embeddable in ad(K)
It is easy to check that h is continuous. To see that it is one-to-one as-
, since for fixed l ∈ L and for n ∈ N, if we set A n = {γ ∈ Γ : l(γ, n) = 1}, then it is easy to check that h(l) = (φ(l) A n ) n∈N . For further information on these classes we refer to [1] , [19] , [13] , [8] . The proof of Theorem 4 can be derived from this corollary:
Proof of Theorem 4. It is well known (see [1] ) that if S is a scattered Eberlein compact space, then the closed subspaces of P(S) are Eberlein compact.
For the converse implication, if K is Eberlein compact, let L be a Ditor space for K which is also Eberlein compact. Assume that φ : L → K is continuous, onto and admits a regular averaging operator. Since L is totally disconnected, we may consider L ⊂ {0, 1} Γ , for some Γ such that Γ = n∈N Γ n where the set {γ ∈ Γ n : x(γ) = 0} is finite for all n ∈ N and x ∈ L. By Proposition 6 there exists a continuous map u :
Thus u is an embedding. Therefore, it suffices to embed P(L) into P(S) for some S Eberlein compact and scattered.
For A ⊂ Γ we denote by π A : {0, 1} Γ → {0, 1} A the natural projection onto the A coordinates. Let n ∈ N and set S n = π Γ n (L). Since the set {γ ∈ Γ n : x(γ) = 0} is finite for any x ∈ L, it easily follows that every S n is scattered and Eberlein compact. Identifying {0, 1} Γ with n∈N {0, 1} Γ n , we may consider that L ⊂ n∈N S n . Next, set L n = n k=1 S n , and let S be the one-point compactification of the disjoint union of L n , n ∈ N. Since every L n is a scattered Eberlein compact space, it easily follows that the same holds true for S.
Define now h :
It is easy to verify that h(f ) is a continuous function on n∈N S n . Moreover, h is positive, h ≤ 1 and finally h(1 S ) = 1 n∈N S n . By the proof of Proposition 6, if p ∈ P( n∈N S n ), then h * (p) ∈ P(S). Since h * is weak*-to-weak* continuous it suffices to show that it is also one-to-one. Therefore it suffices to show that h(C(S)) is norm dense in C( n∈N S n ). So, pick f ∈ C( n∈N S n ) and ε > 0. There exists an n 0 ∈ N such that if s, s ∈ n∈N S n and π n 0 n=1 Γ n (s) = π n 0 n=1 Γ n (s ), then |f (s) − f (s )| < ε.
Fix now s 0 = (s 0 n ) ∈ n∈N S n . Clearly the map g :
is an embedding of L n 0 into n∈N S n . Define f : S → R by f (x) = 2 n 0 f (g(x)) if x ∈ L n 0 , 0 else. Assume that s = (s n ) n∈N ∈ n∈N S n . Then by the choice of n 0 and the definition of g,
) for every k ≤ n 0 . For a fixed infinite set Γ (the case we are interested in is when Γ is uncountable) and p ≥ 1, we denote by B p the unit ball of p (Γ ), endowed with the weak topology in the case where p > 1, and with the weak-* topology (view 1 (Γ ) as the dual of c 0 (Γ )) in the case where p = 1. In any case B p can be considered to be a closed subspace of [−1, 1] Γ with the pointwise topology:
It is easy to check that all these spaces are homeomorphic to B 1 by the map L (y(γ, n)) γ,n → (y(γ, n)r n ) γ,n .
Unfortunately, we are not able to show that this embedding admits a regular extension operator. It is worthwhile to observe that starting with a closed ball of radius 0 < δ < 1 in 1 (Γ ), the set
γ,n |y(γ, n)|r n ≤ q is a Ditor space for B 1 (δ) = {x ∈ 1 (Γ ) : x ≤ δ}. This also follows from Proposition 18. Clearly, B 1 and B 1 (δ) are homeomorphic. Hence L may be considered as another Ditor space for B 1 .
It is not clear to us what is the relation between C(L) and C(L ), although L and L are Ditor spaces for the same space, both defined in a very natural way.
It remains also unclear to us if there exists any convex, non-metrizable compact subset K of a Banach space and a totally disconnected space L such that C(K) is isomorphic to C(L).
